I. INTRODUCTION
The dynamics of Bloch electrons under a strong dc electric field has been a much studied subject but not completely understood. The availability of high-quality semiconductor superlattices ͑SSLs͒ with controllable lattice periodicity d has stimulated extensive investigation on various interesting relevant phenomena. With an electric field E applied perpendicular to the interfaces, the electron transport is characteristic to the one-dimensional minibands of a superlattice. Esaki and Tsu 1 pointed out that in such a system the electrons can demonstrate a negative differential drift velocity with increasing E. They also proposed to make use of this nonlinear transport property to generate electromagnetic radiation.
We assign the z axis for the growth direction of the SSL, and the xy plane parallel to the interfaces. In the absence of an external electric field, in the SSL the total electron energy tot = k ʈ + E n ͑k z ͒ contains the two-dimensional electron gas energy k ʈ = ប 2 ͑k x 2 + k y 2 ͒ / ͑2m͒ with an effective mass m, and the miniband energy E n ͑k z ͒. Except for the case of extremely strong electric field which causes Zener tunneling between two minibands, it is sufficient to consider only one miniband to study the dynamics of Bloch electrons. This is the situation to be treated here in our work.
When an external electric field E is applied along the z axis, in quasiclassical approximation the time evolution of the electron wave vector component k z is given by k z ͑t͒ = eEt / ប, where e is the electron charge. If an electron does not suffer any scattering, because of the Bragg reflection at the Brillouin-zone boundaries k z = ± / d, it oscillates in k z space with a Bloch-oscillation ͑BO͒ frequency B = edE / ប. The corresponding electron motion in real space is also an oscillation with the same BO frequency B .
In reality the electron is scattered with a relaxation time . Within a time interval the electron performs the above described quasiclassical oscillation in both k space and real space. We can define a threshold field E 0 = ប / ed under which the BO frequency satisfies the condition B = 1. For a weak field E Ͻ E 0 , the electron cannot complete even one cycle of BO before being scattered, and hence its transport properties can be described in terms of a drift velocity. This drift velocity increases with the electric field strength. In the high-field limit B ӷ 1, an electron can perform many cycles of BO without suffering a scattering. In this case the Bloch electrons can hardly contribute to the net charge transport, and consequently the drift velocity of electrons in a SSL approaches zero. As a result, the negative differential drift velocity appears in the high-field regime E ӷ E 0 .
In a bulk crystal the lattice constant is so small that the corresponding threshold field E 0 is too high to be achieved in reality. The large value of the periodicity d in SSL samples provides the possibility to observe the BO and related physical properties. Many experiments [2] [3] [4] [5] [6] have indeed confirmed the existence of BO in SSL at low temperatures as well as at room temperatures. Shortly after the proposal of Esaki and Tsu, 1 there appeared a theoretical study 7 on the interaction between a weak field of terahertz ͑THz͒ frequency and the electrons in a SSL miniband performing BO with allowed energy relaxation. It was suggested that such an interaction can lead to an amplification of the THz field in the region of less than the BO frequency B , and the amplification curve exhibits a resonancelike structure around Ӎ B .
An extension of the weak-field theory 7 of amplification to the case of a strong THz field [8] [9] [10] indicated the possible resonant amplification of THz fields at = n B with integer n. According to a recent theoretical analysis 11 this type of amplification of THz radiation is associated to k-space electron bunching. The amplification of THz radiation was studied with one-dimensional models [8] [9] [10] as well as using Green's functions 12 and three-dimensional Monte Carlo approaches. 13, 14 In the paper by Schomburg et al. 14 it was demonstrated that in the framework of a miniband description, the bunching is mainly mediated by the spontaneous phonon emission by the Bloch oscillating electrons.
With increasing strength of E, the quasiclassical method becomes less reliable and one needs a full quantum mechanical approach. The analytical solution of Wannier 15 proves that the energy spectrum of a Bloch electron under an external dc field E consists of an infinite series of eigenvalues which are equally separated by an energy difference eEd = ប B . This series of eigenenergies is called the WannierStark ladder ͑WSL͒. The corresponding eigenfunctions are also equally displaced by a distance d in real space along the field direction. The time-domain analog to the WSL is the periodic motion of an electron along its dispersion E n ͑k z ͒ in k z space, or the spatial BO of an electron in real space.
In a realistic SSL sample, the levels in a WSL are broadened by scatterings. Under a weak field E, the small energy separation eEd is smeared out by scatterings, and so the quasiclassical energy band description is a good approximation. When the field strength increases and becomes larger than E 0 , the WSL levels become well resolved and electron eigenfunctions in the SSL tend to be localized at the superlattice sites. It is important to notice that the same threshold field E 0 appears for both the formation of the WSL and the occurrence of the negative differential drift velocity, or the negative differential conductance. This suggests strongly that the NDC of a SSL originates from WSL-type localization of the electron wave functions. In this situation the dynamical processes to generate a current flow in the SSL are the scattering-assisted transitions between different WSL levels.
The hopping conduction in a superlattice due to transitions of carriers between WSL mediated by interaction with acoustic phonons was studied by Tsu and Döhler. 16 They demonstrated that negative differential conductance may occur in this case. The current-voltage characteristic was calculated under the assumption that hopping events do not change the in-plane equilibrium distribution of quasi-twodimensional carriers with respect to the parallel momentum components k x and k y . In the later study by Bryksin and Kleinert, 17 the hopping current due to interaction with polar optical phonons was considered. The in-plane distribution function was determined as a solution to quantum kinetic equation and was shown to deviate significantly from the equilibrium one. While the calculations show the presence of resonant-type current peaks associated with the electronphonon resonances; however, both elastic alloy disorder and acoustic phonon scattering, which may significantly affect the distribution function, have not been taken into account.
In our present paper, the electron transport in SSL under an applied dc electric field, driven by the scattering-assisted electron transitions between neighboring WSL levels, is studied with a Monte Carlo approach. To provide a complete picture of the physical phenomenon, we investigate the combined effect of optical phonon scattering, acoustic phonon scattering, and elastic alloy disorder scattering. We analyze the contribution of each scattering mechanism to the total current, as well as effect of each scattering mechanism on the carrier distribution function. Our calculated field dependence of the drift velocity will be compared with the data obtained recently from the experiments on time-domain THz spectroscopy of an AlGaAs/ GaAs SL. 18 These experiments provide a method to determine the electric field dependence of the drift velocity of carriers in undoped SSL.
II. WSL STATES IN A BIASED SSL
To study the scattering-assisted electron transport between WSL levels in a SSL under an external dc field, in order to reach high quantitative accuracy, we must use the electron eigensolutions to calculate the matrix elements of all scattering processes. If the electric field E is not extremely strong so as to cause Zener tunneling, the eigensolutions of the WSL levels can be derive with a well-established computation scheme. 19 Here we will only outline the computation procedure.
Since the field E is applied along the z axis parallel to the growth direction, in the effective mass approximation the wave functions in the xy plane are simply plane waves with the corresponding eigenenergies k ʈ = ប 2 ͑k x 2 + k y 2 ͒ / ͑2m͒. The total wave function ⌿ ik ʈ ͑r͒ can be expressed as
where S is the normalization area. The wave function i ͑z͒ and the corresponding eigenenergy E z i , which describe the WSL, must be derived from the Schrödinger equation
Since the samples used in experiments are of finite length, the potential function V͑z͒ in the above equation should be a multiple-period square-well potential, bounded at each end by a higher potential barrier simulating the work function. We will solve Eq. ͑2͒ by expanding i ͑z͒ in terms of a complete set of basis functions. Let us first consider a SSL of infinitive length in the absence of the electric field, E = 0. The Bloch states of each miniband in this SSL can be derived easily. Since the Zener tunneling will not appear in the system to be studied here, we will treat individual subbands separately. From the Bloch states of a given miniband, we can construct the complete set of Wannier functions a͑z − nd͒, where i runs over all integers. Then, we expresses the wave function i ͑z͒ as
The coefficients of expansion f i n and the corresponding energy E z i for a SSL sample of finite size can be obtained easily via matrix diagonalization. The detailed computation procedure can be found in Ref. 19 . These eigenfunctions in the WSL are spatially equally separated by the lattice constant d, in agreement with the theoretical predication of Wannier. 15 To avoid any ambiguity in our future description, we will enumerate our eigensolutions according to their spatial location, and use the terminology that the eigenstate i ͑z͒ is localized in the ith unit cell of the SSL sample. The total energy of the electron in the SSL is then
The experiment to which we will compare our calculated results is performed on an Al 0.3 Ga 0.7 As/ GaAs SSL with 73 periods. The GaAs well width is d w = 6.5 nm and the Al 0.3 Ga 0.7 As barrier width is d b = 2.5 nm. One eigenfunction i ͑z͒ in the WSL together with the total potential function V͑z͒ + eEz are plotted in Fig. 1 for a field strength E = 36 kV/ cm.
III. SCATTERING-ASSISTED TRANSPORT THROUGH A WSL
We will investigate the carrier transport along the SSL growth direction for the electric field strength E stronger than the threshold field E 0 . In this case the semiclassical theory is no longer valid and carrier transport occurs via scatteringassisted hops between the WSL states i ͑z͒ localized in different SSL unit cells. In a GaAs/ AlGaAs SSL the essential scattering mechanisms are the alloy disorder scattering, the polar optical phonon scattering, and the acoustic scattering due to both the deformation potential and the piezoelectric interaction.
The scattering-assisted carrier hopping is illustrated schematically in Fig. 2 , where the positions of the unit cells in the SSL are marked as i −1,i , i +1,i +2,.... The WSL levels E z i are attached to these unit cells as indicated by horizontal lines, together with a series of two-dimensional energy dispersions k ʈ . We notice that the WSL levels E z i are equally separated by the BO energy ប B . A carrier that occupies its initial state ⌿ ik ʈ ͑r͒ marked by the solid dot in Fig. 2 can either be scattered into the states at the same WSL energy level E z i ͑this intralevel scattering is indicated in Fig. 2 as process I͒, or it can hop to the state ⌿ jk ʈ Ј ͑r͒ associated with another WSL energy level E z j , with j i ͑this interlevel scattering is indicated in Fig. 2 as process II͒. The intralevel scattering cannot produce a finite current, but can significantly affect the distribution function over the two-dimensional momentum k ʈ . In the presence of a strong electric field, the electron system in a SSL can be viewed as a number of quasi-two-dimensional electron ensembles, each of which is localized in one SSL unit cell. These ensembles are coupled by the interlevel scattering mechanisms to be introduced below.
The hopping of electrons can occur via the emission or absorption of phonons as well as by elastic alloy disorder scattering. The rates of various scattering processes between ⌿ ik ʈ ͑r͒ and ⌿ jk ʈ Ј ͑r͒ depend on the applied field strength and the temperature. As an example to clarify this point, let us assume a small momentum component k ʈ of the electron in its initial state ⌿ ik ʈ ͑r͒ such that the associated kinetic energy k ʈ is less than the BO energy ប B . This is usually the situation if the applied electric field is strong and the temperature is not too high. Via the emission of phonons or by elastic scattering the electron can hop to the state ⌿ jk ʈ Ј ͑r͒ only if j Ͼ i. Such interlevel scattering processes are marked in Fig.  2 as process I. Interlevel scattering via the absorption of phonons can be significant only at high temperatures. Interlevel scattering will produce a drift electric current flowing through the SSL. In our numerical calculations of this current, all interlevel scattering-assisted transport processes are included.
We would like to point out that a similar mechanism of scattering-assisted hops between unit cells in a disordered SSL in the absence of an external electric field has been studied. 20 However, since there is no electric driving force, the electron transport has the character of diffusion rather than drift, and there is no net current flow.
It is important to emphasize here that in our study the electric field strength is not extremely high so as to cause Zener tunneling. Hence, the scattering-assisted hops are restricted within the WSL associated with one miniband. In the following we will derive the scattering rates of optical phonon, acoustic phonon, and alloy disorder.
For the convenience of presentation, we will use the braket notation to represent the electron state ⌿ ik ʈ ͑r͒ by ͉ik ʈ ͘. We will first treat the scattering of electrons by a threedimensional phonon with momentum q. Let q be the phonon dispersion and C͑q͒ the electron-phonon coupling function. Following the Fermi golden rule, the rate of the phonon-assisted transitions between the state ͉ik ʈ ͘ and the state ͉iЈk ʈ Ј͘ has the form 
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where N q =1/͓exp͑ប q / k B T͒ −1͔ is the number of phonons with wave vector q at temperature T. The coupling function ͉C͑q͉͒ 2 of electrons to phonons in zinc-blende semiconductor structures was derived 20 as
for polar coupling to optical phonons ͑OPP͒,
for deformation-potential coupling to acoustic phonons ͑APD͒, and
for piezoelectric coupling to acoustic phonons ͑APP͒. In the above equations, V is the volume of the system, the mass density, D the deformation potential constant, C s the sound velocity, ⑀ ϱ the electronic dielectric constant, and ⑀ 0 the the total dielectric constant including the ionic screening. The piezoelectric constant P can be expressed in terms of the third-rank piezoelectric tensor elements as P =2e 123 =2e 14 , and K h ϵ q 1 p 2 p 3 + q 2 p 1 p 3 + q 3 p 1 p 2 in terms of the components q i of the unit momentum vector q and the components p i of the polarization vector p . In our numerical calculation, we use the commonly accepted approximation q = C sq for acoustic phonons and q = LO for optical phonons. For the polar coupling to optical phonons and the deformation-potential coupling to acoustic phonons, we only retain the dominating longitudinal mode. However, all polarization modes contribute to the piezoelectric coupling between electrons and acoustic phonons. For this case, we follow Ref. 20 
͑9͒
where is the angle between k and kЈ. In the above equation, at the right-hand side, the first term is due to the longitudinal mode, and the other two terms are due to the transverse modes.
There have been a number of theoretical studies on electron scattered by alloy disorder potential. 21 The scattering rate can be generally expressed as
We model the alloy disorder potential with a set of randomly distributed scattering centers, and the potential at each scattering center is a spherical well of height ⌬E and radius r 0 . Then the scattering matrix elements in a ternary alloy
͑11͒
where N 0 is the number of scattering centers per unit volume. We will demonstrate the characteristic features of the scattering rate with our calculated result using a GaAs/ Al 0.3 Ga 0.7 As SSL sample under an applied electric field 16 kV/ cm. For this field strength the BO energy is 14.4 meV. We use the reasonable parameter values ⌬E = 0.6 eV, r 0 = 2.5 Å, and N 0 = 6.6ϫ 10 21 cm −3 in our numerical calculation. For a given initial state ͉ik ʈ ͘ we calculate
for all types of phonon scattering. Then, the rate for removing an electron from the initial state ͉ik ʈ ͘ due to the Ith scattering mechanism is
͑12͒
The calculated results of P ik ʈ I are shown in Fig. 3 as functions of the kinetic energy k ʈ for the alloy disorder scattering ͑curve A͒, for the acoustic phonon scattering due to deformation potential and piezoelectric interaction ͑curve B͒, for the ͉i , k͘ to ͉i +1,kЈ͘ LO phonon emission ͑curve C͒, and for the ͉i , k͘ to ͉i +2,kЈ͘ LO phonon emission ͑curve D͒. We notice FIG. 3 . The calculated scattering rates P ik ʈ I as functions of the kinetic energy k ʈ : curve A for the alloy disorder scattering, curve B for the acoustic phonon scattering due to deformation potential and piezoelectric interaction, curves C and D for the LO phonon emission processes from ͉i , k͘ to ͉i +1,kЈ͘ and to ͉i +2,kЈ͘, respectively. that in Fig. 3 there are threshold energies in k ʈ for the LO phonon emission processes, but no threshold for the alloy disorder and the acoustic phonon scattering. To illustrate this difference more clearly, the corresponding electron transport processes within the SSL sample are illustrated in Fig. 4 . We see from Fig. 3 that the total scattering rate
is dominated by the LO phonon emission processes, and by the interlevel transitions induced by the alloy disorder scattering with a change of the electron kinetic energy by an integer multiple of ប B . Such characteristic features will appear in the distribution function, and so have significant influence on the drift velocity to be presented in the next section.
IV. DRIFT VELOCITY
Using the Monte Carlo method to obtain the carrier drift velocity in a SSL under an applied electric field, we will first simulate the steady-state distribution function of the twodimensional carriers belonging to any WSL level, since the distribution functions associated with different WSL levels are equivalent to each other. It is important to mention that in our Monte Carlo calculation of the distribution function, carriers can undergo scattering-assisted hops between different WSL levels. Without such hops included, the net drift velocity will be zero.
With the scattering rates given in the previous section, we use the standard Monte Carlo procedure 22 to keep track the motion of an electron starting from the initial state ͉ik ʈ ͘. In this way we can derive the time T͑k ʈ ͒ that an electron spends in the two-dimensional quantum state ͉k ʈ ͘, which is the same for all WSL levels. This time is proportional to the twodimensional electron distribution function f͑k ʈ ͒, and hence we have f͑k ʈ ͒ = AT͑k ʈ ͒. The normalization constant A is determined from the condition
where n is the two-dimensional electron concentration. The Monte Carlo simulation was performed at the temperature 10 K on the sample described in Sec. II. The calculated f͑k ʈ ͒ as a function of k ʈ for an electric field of 16 kV/ cm is shown in Fig. 5 as the solid curve. The dashed curve in the same figure is the Fermi distribution function of the two-dimensional electron gas in the absence of an externally applied field. Because of the various scattering processes, especially the interlevel elastic scattering, which leads to the increase of the kinetic energy of carriers transferred into the neighboring wells, the tremendous broadening of the nonequilibrium distribution f͑k ʈ ͒ from the Fermi function is expected. The kink at k ʈ = ប B = 14.4 meV in Fig. 5 is caused by the interlevel alloy disorder scattering ͑process A in Fig. 4͒ when the initial electron kinetic energy is close to zero. The distribution function exhibits sharp edges at k ʈ = ប LO −2ប B , ប LO − ប B , and ប LO due to the resonant LO phonon emission processes, which were discussed in connection to Figs. 3 and 4. Similar features appear in the semianalytical solution by Bryksin and Kleinert. 17 When we perform the Monte Carlo simulation by tracking the motion of a carrier scattered by various mechanisms, we also track the position of the electron in the SSL since the interlevel scattering will move the electron from one unit cell of the SSL to another one. Therefore, we know the position of the electron as a function of time, and hence we can calculate the electron drift velocity. 23 The open-circle curve in Fig. 6 represents our calculated steady state velocity, at the temperature 10 K, as a function of the applied electric field. The solid curve is obtained using the Esaki-Tsu formula. mum of the oscillation occurs when the ratio ប LO / ប B between the LO-phonon energy and the Bloch oscillation energy is an integer n, which is consistent with results of Bryksin and Kleinert. 17 In this case, by emitting a LO phonon, the electron has a large probability to hop a distance of nd, namely, n superlattice periods. The three maxima in Fig.  6 correspond to ប LO / ប B = 1, 2, and 3. The amplitude of the maximum located at weaker fields decays due to the diminishing of overlap integrals in scattering matrix elements in Eq. ͑5͒.
V. TIME-RESOLVED THz MEASUREMENTS
A relevant experiment 18 was performed at the temperature 10 K on the same sample as described in Sec. II. This undoped SSL was grown on an n + -GaAs ͑100͒ substrate by molecular beam epitaxy. The top and the bottom contacts were formed by depositing a semitransparent NiCr Schottky film and a AuGeNi/ Au layer, respectively. By using these two electrodes, a static bias electric field E was applied to the undoped SSL region. In order to create carriers in the miniband, the sample was illuminated with femtosecond laser pulses from a tunable Ti: Al 2 O 3 laser operated at a repetition frequency of 76 MHz. The spectral width of the laser pulses was 15 nm. The photoexcited carrier density was maintained below 1 ϫ 10 15 cm 3 in order to avoid field screening by photoexcited carriers. Since the holes are much heavier than the electrons, each hole is considered as localized in a quantum well. Therefore, under the driving force of the applied electric field, the emitted THz radiation is dominated by the accelerated electrons in the miniband and the electric field component E THz of this radiation is proportional to the acceleration of photoexcited electrons. The emitted E THz was detected in a reflection geometry by the free-space THz electrooptic sampling technique. 24 This sampling technique allows us to measure both the amplitude and the phase of the emitted THz radiation. The waveforms of E THz measured at various acceleration fields are plotted in Fig. 7 .
To obtain the velocity of the electrons under a specific field strength E, the corresponding measured E THz was integrated with respect to time. 18 The so-derived transient velocity is shown in Fig. 8 . The steady-state velocity was obtained by plotting the velocity at 2 ps after the photoexcitation and plotted in Fig. 9 as a function of the applied electric field, together with the steady-state velocity predicted by a semiclassical Esaki-Tsu theory. 1 In the calculation, we set the scattering time to be 0.63 ps ͓the geometrical mean of the momentum-relaxation time ͑0.2 ps͒ and the energyrelaxation time 18 ͑2 ps͔͒. The experimentally obtained steady-state velocity was replotted by solid circles in Fig. 6 as a function of 1 / E ͑notice that in both Fig. 9 and Fig. 6 the velocity is in arbitrary units͒. The experimentally obtained dimensionless drift velocity exhibits oscillations with maxima located at the electric field values, where the peaks originating from electron-phonon resonances are present in our calculated open-circle curve.
VI. CONCLUSIONS
We have performed a refined Monte Carlo study on the electron transport in AlGaAs/ GaAs superlattices under the applied electric field strength corresponding to the localized WSL regime. The electron transport is induced by scatteringassisted electron hops between different WSL levels. Contribution of various scattering mechanisms to the total scattering probability is analyzed.
We found that the elastic alloy disorder scattering in this type of SL leads to a significant broadening of the in-plane distribution function, and that the LO phonon emission processes provide the essential resonant transfer of an electron from the ith WSL level to the ͑i +1͒th and the ͑i +2͒th WSL levels. These processes lead to peaks in the negative differential velocity behavior when the electric field strength satisfies the condition that the ratio ប LO / ប B is an integer. This condition also manifests itself in the calculated twodimensional electron distribution function: a threshold edge appears when the two-dimensional electron kinetic energy k ʈ is equal to ប LO − nប B ജ 0, where n is a non-negative integer.
A technique for experimental determination of the electron drift velocity in SSL on the basis of data measured with THz time-resolved spectroscopy was presented. The theoretically calculated oscillating behavior of the negative differential velocity was also found in the experimentally determined electron drift velocity. This agreement supports the present theory and the earlier analytical model 17 of scatteringassisted electric current in SSL in the Wannier-Stark regime.
ACKNOWLEDGMENTS
This work was supported by grants from the Nordic Research Board, the Russian Foundation for Basic Research, the Russian Academy of Science, and the Russian Ministry of Science.
